J. Appl. Maths Mechs, Vol. 59, No. 1, pp. 35-45, 1995
Copyright © 1995 Elsevier Science Ltd
@ Pergamon Printed in Great Britain. All rights reserved

0021-8928(95)00005-4 0021-8928/95 $24.00+0.00

NON-LINEAR OSCILLATIONS OF
REVERSIBLE SYSTEMS+

V. N. TKHAI
Moscow
(Received 2 March 1994)

A reversible system with a small parameter p is considered. When p = 0 the generating system has a periodic motion, symmetric
to a fixed set of the system automorphism. It is shown that this periodic motion is continued with respect to a small parameter
in the Poincaré-unisclated case when certain conditions are satisfied only on the generating system. Symmetric periodic solutions
are constructed both for a non-resonant and for a resonant system. In the plane unrestricted three-body problem the small
parameter is chosen to be the quantity characterizing the interaction between two bodies chosen from the three. It is shown that
in this problem there are solutions in which the body moves along curves close to circles. The problem of the applicability of the
result to a sun—carth-moon type is discussed.

1. THE LYAPUNOV-POINCARE METHOD IN REVERSIBLE SYSTEMS
Consider the reversible system
u = U(u, v) + pU(Y, u, v, 1)
v =V(@,v)+pV(1K,u,0, 1), ueR,veR* (2n) 1.1

where p is a small parameter, U; and V; are 2n-periodic functions of ¢ or are independent of ¢, while
M = {u, v : v = 0} is a fixed automorphism set. Suppose that, when p = 0, system (1.1) admits of 2nk-
periodic (k e N) motion u = ¢(t), v = Ys(t), which intersects the set M at the instant of time ¢ = 0 (mod
2x). We make the replacement

u=@@n+p, V=Y +q

Then the equations for p and q
p =A®p +B()q +P(p, q, 1) + pU (1, () + p, ¥(1) + q, 1)
q =C@p +Dq +Q(p, q. 1) + LV (1, (1) + p, Y(1) + q, 1) (12)

where we have denoted terms higher than the first order of p and q by P and Q, are reversible [1], while
the fixed automorphism set of system (1.2) coincides with the hyperplane q = 0. The right-hand sides
of Egs (1.2) are 2nk-periodic functions of z.

When u = 0 system (1.2) has the solution p = 0, q = 0. We will formulate the problem of the existence
of 2nk* periodic solutions of system (1.2) (where k* is a multiple of k) when p # 0.

Suppose «; are characteristic exponents of the linear system

p =AWp+B@)q, q=C(p+D()q (1.3)

Then when n = [ and x; # iv/k* (v € Z) Poincaré’s theorem [2] solves the problem.

The case of zero x; with simple elementary divisors was investigated in [3]. The solution obtained
requires the construction of a system of independent periodic solutions corresponding to the multiple
zero root of the system conjugate to (1.3), and the inclusion for the analysis of the terms in (1.2) which

depend on the small parameter.
It turns out that, for the reversible system considered, the problem has a solution that is more complete
and convenient for applications.
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Lemma 1. The linear reversible system (1.3) has at least/ - n zero characteristic exponents and simple elementary
divisors correspond to them.

Proof. In view of the reversibility of system (1.3), in addition to the solution p = ¢*(¢), q = P*(¢), we also have
the solutions

P=¢*() + @*(), q=Y*(O)-$*) (14)

P=@* ) -@*), q=¢*() +P*(-) (1.5)

Since in (1.4) we have q(0) = 0 and in (1.5) we have p(0) = 0, we can always construct a fundamental system

of solutions, in each of the solutions of which p is an even (odd) function of ¢ while q isn odd (even) function of
t. In view of the uniqueness, the fundamental system with the unit matrix E of the initial conditions has the form

 MONS MO
S(t) = . S(0)=E
( “q‘(r) q*(r)I

where the plus (minus) denotes a matrix of even (odd) functions.

Suppose G is a characteristic matrix. Then S(kn) = GS(—¥r), and the characteristic equation det (G - pE) = 0
is equivalent to the equation det(S(kn) — pS(—kx)) = 0. Also, the matrix S(kr) — S(-k=x) has at least [ — n zero
eigenvalues with simple elementary divisors.

Corollaries. 1. System (1.3) can be reduced by means of a non-degenerate linear transformation to
the following form

E=0, 7 =A%om+B*0),  =C*@®m+D*1) (16)

(¢ € R m, { € R") with automorphism ¢ — —+, (£, m, {) - (€, m, -L).
2. The linear system

P=AW0P, A =-AW), At+T)=A() (T20);pe R
is stable and has / integrals T-periodic with respect to ¢ and linear with respect to p.

Lemma 2. Suppose Xy, . . ., Ky, £Kq+1; - - - » £K,py are the remaining characteristic exponents of system
(1.3) of multiplicity B, . . . , B, respectively, where k; = ... = K, K41 20, . . ., K, # 0, and each of
the exponents x is written as many times as there are groups of solutions corresponding to it. Then
system (1.3) becomes

E=0 e R, Miy=xly
Ms=0, 8=, Ciyv=xMy )
Mis=8ire M= Ciny + Gv
Cis=MNis ity =KNj1y + Njy
(=2, B/2sj=1,..,By-Lis=1,..,a;v=0+1,.,m)
with one of the automorphisms: (1)t >, Eo>EN o> Qt> 1, E0 0> (> L

Proof. The truth of the lemma follows from Lyapunov’s theorem [4] which states that a linear periodic
system can be reduced to a system with constant coefficients and preserves [1] the property of
reversibility, and also from the corollary formulated above.

Theorem 1. Suppose system (1.2) in the variables &, ), { possesses the automorphism ¢t — ¢, (€, m)
— (£ m), £ — — and the part of it that is linear in & w, { when p = 0 is identical with (1.7). Then, if
Ky # xiN/k* (N = 1, ..., k*), for sufficiently small p system (1.1) has! —n + 1 families of 2nk-periodic
solutions, parametric from the initial conditions and the parameter p, symmetric to the fixed set M of
automorphism of the system and which becomes a generating family u = ¢(t), v = ¥(f) when p = (.

Corollaries. 1. There are always 2nk-periodic solutions if, in the variables, &, n, €, the automorphisms
has the form ¢ — ¢, (§, m) — (€, m), { - —{ and there are no imaginary numbers among the numbers x,.
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2. If system (1.3) has not more than /- » zero characteristic exponents, 2nk-periodic solutions exist
whenx, 2 INK* (N=1,...,k*).

Note. When determining the form of the automorphism of system (1.2) written in §, 4, { variables, it is useful
to use the first integrals of the generating system.

Proof. The existence of 2nk*-periodic motions can be established from the Heinbockel-Struble theorem

[5). X £E°, ", &, 1, 1), m(E, W', &, 1, 1), E(E", m°, L, £) is the solution of system of (1.2) with linear
part (1.7) and initial values £°, v° ¢, then the sufficient conditions for it to be 2nk*-periodic are

If the system of 2z functional equations in n°, £ obtain is compatible, a periodic solution exists. Then
0%, £° are found as functions of £°, p and the 2nk-periodic solutions form ! —n + 1 parametric families.

In the first approximation in £°, w’, £ ignoring terms which depend on ., we can set up system (1.8)
by integrating (1.7). In this approximation (1.8) is split into m subsystems corresponding to the character-
istic exponents from one group of solutions. Hence, the functional determinant of system (1.8) calculated
for £ = 0,1° = 0, L° = 0, L = 0 is equal to the product of m functional determinants. As in Poincaré’s
theorem, for x, 20 (v = a + 1, ..., m) the determinant is non-zero when x, # £iNk* (N =1, ...,
k*). As regards the zero exponents, the corresponding subsystem has the form

(v

) (v)
Czl +... = 0,..., Cz,pslz*‘.n- O

Y 4P +...= 0, (y =mk)

Y oo, Y
?Cﬁ) + —ZTC%) + YCI(;) + C;;)‘f...- 0

...................

s—1
Yﬁ‘ () 4 (s)

YAl
@, -1 TR 2

(c are the initial values of 'qo, §°, while the terms which are omitted in front of the equality sign are
non-linear in ¢ or depend on ) and its functional determinant is obviously non-zero.

Theorem 1 is proved. When using it to investigate specific problems the following formulation is often
preferable.

(s) (s)
+o YO g p +Cop ptee= 0

Theorem 2. If among the roots a. of the equation det |lq* (2nk) — oE|| = 0 there are no roots equal to
cos (2rkN/k*), then, for sufficiently small p, system (1.2) has/ —n + 1 families of symmetric 2rk*-periodic
solutions, parametric from the initial conditions and the parameter i, which turn into a generating family
p=0,q=0whenp=0.

Proof. Suppose p is the root of the characteristic equation. Then 2o = p + p!is an eigenvalue of
the matrix S(2nk) + S(-2nk). If ] = n, then all p, with the exception of / - n, equal to one, are determined
from the equation.

p2-20,p + 1 =0, detligt(2rk)-aEll=0, (s=1,...,n)
which proves the theorem.

Note. To determine the characteristic indices of the linear reversible system it is sufficient to construct only n
partial solutions. This is particularly convenient whenn = 1.

2. A NON-RESONANT OSCILLATING SYSTEM
We will investigate the problem of oscillations in the system
n — —
n;‘ =imsns +ins Z] Cs_'n]n] +“'Hs(“'vn! n’t)
!:

o, 21)
M, = ~i0gf, -, 3 Cyn;T; AT (=1 m)
]=
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with right-hand sides that are 2n-periodic in ¢ or independent of ¢ and with automorphism (¢, , i) —
(_t, n, ﬁ) .

Here ,, Cj(@; > 0) are real constants and the bar indicates a complex-conjugate quantity.

This problem arises when investigating the small oscillations of a reversible system in the neighbour-
hood of zero when there are only pure imaginary characteristic exponents and there are no resonances
up to the fourth-order inclusive, and, moreover, is of independent interest. All the conclusions will hold
when there are additional equations in the variable £ having the same meaning as in (1.7).

When p = 0, system (2.1) only allows conditionally periodic motions

. n
N, =re%, =0, 8,=0,+23 Cjr; (s=1,..n)
j=1

Among these motions there are 2nk-periodic motions corresponding to a denumerable set of points
with respect to the initial values of r

K, +23 CyrP)=k,; klkleN
=

In the neighbourhood of the chosen periodic motion we put
N, =y (4 x,), T, =rPe® (14%,)
The equations for x,, x, then take the form

5= Cyrl(x; +% ... (s=1,....n) 22)
j=1

where the omitted terms are of order not less than the first in x, X or depend on p and are 2nk-periodic
functions of t. In real variables p, q (x = p + iq), system (2.2) takes the form

n
pi=0+.. ;=23 Cyripj+... (23)
j:

Since the set of fixed points of the automorphism for (2.3) coincides with the hyperplane q = 0, the
sufficient condition for 2nk-periodic solutions, close to the generating solution, to exist in (2.1) is det
IC#%|l # 0. In fact, in this case the written part of system (2.3) is a special case of system (1.7).

e generating system also has other periodic solutions. In fact, when p = 0 in (2.1) the hyperplanes
N, = fly = O are integral. Hence, if .4, = . ..M, = 0 in the generating solution, the sufficient conditions
for a 2nk-periodic solution to exist in (2.1) are

0 +23 Cyr®=Xa @ 425 c0nl det|C. ~r~°||v¢0 (24)
pat o) k B = BT ai’j i
keN; ky,leZ (a=1,..,v; B=v+1,...,n)

Theorem 3. When (2.4) is satisfied, system (2.1) has a 2rk-periodic solution for sufficiently small ,
identical with the generating solution when p = 0.

Corollary. When C,;# 0 and there are no resonances up to the fourth-order inclusive, Lyapunov families
of periodic motions exist for almost all initial conditions with the exception of a denumerable set of

s = 0
points in r;.

In fact, in the autonomous system (2.1) when Cj; # 0 any solution of the generating system in the hyper-
plane 1, = ... 1, = 0is periodic if ®} = m; + 2C;yJ # 0, which is satisfied for small #J. The condition

(g + 2Cmr§-’) # k103; k1, | € Z distinguishes a denumerable set of points 7] for which the periodic
motions are not continued with respect to the small parameter p at least according to the theory from
Section 1.
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3. THE FOURTH-ORDER RESONANCE 40 = N, Ne N

For simplicity we will consider the case of two variables / = n = 1 in (1.1). It is easy to generalize
the results to the case of arbitrary numbers / and # (I = n) though it leads to more lengthy calculations.
We can write the system in complex-conjugate variables 7, 7} in the form [1]

=i+ ConTi+ .y, () (™) n+ uHG@L 1T (31)

where the function H is 2n-periodic in ¢, and Cy, C_;, are real constants.
We make the replacement 1) = z&/® and 1} = Ze™**. We then have

Z=i(Cro? 2+ CyyBP) + ... (3.2)

where the unwritten terms are of the order of p and are 8n-periodic functions of ¢ (we assume that
N = 1 below). It is convenient to analyse the generating system obtained from (3.2) when p = 0 in
polar coordinates 7, 0: z + V(r)e®®, 8 = 40,. We have

r= 2C_1'1rzsin 0, 0= 4(C1'0 + C_LICOS 0)r

Applying the extension [1] of the Heinbockel-Struble theorem [5] to this system we can conclude
that when |C;o| > |C_;| all the motions are periodic. We obtain motions along ellipses

N . C11
) — @ =A"=4r(C o+C c0s0,), £=—1l 3.3
n )4c1,0(1+ecose) 7 (Cro+ C.1,0056) Cio (3.3)

(ro, 6y are the initial values of the variables r, 8), where, without loss of generality, we can assume 6y = 0.
Note that the ellipses intersect the fixed set (sin 8 = 0) at two points.

Among the motions (3.3) we distinguish 8nk*-periodic motions (k* € N) with respect to the variable
t, for which A*k* = s € Z. The “amplitudes” of these motions can be found from the relation

4ro(C|’0 + C_]J) = sik*

If k* = 1, then for any s € Z we have motions that are 8xn-periodic with respect to ¢ for which the
“amplitudes” can be as large as desired (as |s| increases), beginning from the value

4r0"i" = IC]’O + C_I,ll_l

Hence, oscillations with the resonance frequency ® occur outside a bounded region contained inside
the ellipse (3.3) with ry = rg"". As regards subharmonic oscillations (k* = 2, 3, . . .), their amplitudes
may be as small as desired as k* increases.

We will investigate under what conditions the periodic motions (3.3) can be continued with respect
to the small parameter . To do this we put z = V(r)(8)exp(i8,)(1 + x) in (3.2). Then, in the real variables
D, q(x = p + ig) we obtain

dp/d® = 26C_, ,(p sin 0 — g cos B)XO)/A* + ... (34)
dpld® = 2C_; ol(1 + € cos B)p + &g sin B]r%(O)/A* + ...

According to Theorem 1 the absence among the characteristic exponents *x of this system of
exponents equal to iN/(4]s|), N € N guarantees the continuation of the 8nk*-periodic motion with
respect to u. One can determine x by constructing in 0 € [0, 8x|s|] one partial solution with initial
conditions, for example, p = 0 and ¢ = 1. However, the problem will be solved here using integrals of
the generating system.

The generating system—(3.2) with u = 0—has the energy integral

V= 2C1'0(27)2+ C_L](Z4 + 2_4) = const
In the neighbourhood of the periodic motion (3.3) the integral can be written in the form

[(Co+C 1 c080)p-C_ |1 sin@)r?(@)+...= h(const) (3.5)
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where terms higher than the first order in p and g are omitted. Integral (3.5) enables us to make the
new variable h instead of the variable p in (3.4). We obtain the system

dhldO = + ..., dq/d® = 2[h + 2C, gEq sin B)/A* + ...

with automorphism 8 — -0, h — h, g — —g. It is obvious that this system satisfies all the conditions of
Theorem 1.

Theorem 4. Suppose that the condition |Cy 9| > |C_y,] is satisfied in system (3.1). Then, for sufficiently
small y, system (3.1) has a denumerable set of 8rnk*-periodic motions close to the motions (3.3). The
“amplitude” rq of the motions with the resonance frequency will then be a multiple of .

Note. Taking into account the fact that when |Cy¢| < |C_;;| the motions of the generating system are not periodic,
we can assert that all the periodic motions that are 8nk*-periodic in ¢ can be continued with respect to the small
parameter.

4. SECOND-ORDER RESONANCE 20=N,Ne N
We will consider the problem of the periodic motions of the following system

n =ien+ i[Cl,Onﬁ +C M +Cy e + Co,-nﬂﬁze_2m]+ HH(p,M,M,0) (4.1)

(the complex-conjugate equation is omitted) with a function H which is 2n-periodic in ¢ and with an
automorphism (z, 1, 1) — (¢, §j, n), where Cj; are real constants. We will make the replacement z = 1
exp(—iat). The right-hand sides of the system obtained will then be 4n-periodic in ¢ (for brevity we assume
N = 1) and in polar coordinates r, 8(z = V(r) exp(i6;), 8 = 26,) for p = 0 we have

r=2(C_sin®@+C_ ,5in20)r*, 0 =2A(0)r 42)
A(e) = Cl,O + C+ COSQ+ C—1,2 cos 29, Ci = CO,I + C2’1

The motions of this system will be periodic [1] if 8" # 0 when r # 0 and for any 6. Hence, the necessary
and sufficient conditions for periodicity are

D=C?-8C,,C,20, IC,1-VDI<4,[C_,, C.=Co-C,, (43)
In this case the relationship 7() is found from the equation

dr _C_sin0+C_,sin20
r A(8)

do = £(8)de

Hence
[} 2n
r(@)=ryexpff(6), [f(€)d8=0
0 0
We obtain the relationship 6(f) by integrating the relation
8
rdt = £,71(0)d, f£,(8)=2A()exp | f(8)dd
0
In view of the 2n-periodicity of the function f,(8) we obtain
rpt=[g0+8,(0)}, g =const, g,(0+2r)=g,(6)
Hence it follows that when the condition rgk* = gis(k* € N, s € Z) is satisfied the motions will be
4n-periodic in ¢. Hence, as in the case of fourth-order resonance, the amplitude of the vibrations with

resonance frequency (k* = 1) is a multiple of rg™" = g;, while the subharmonic vibrations can have as
small an amplitude as desired.
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Now, as in the case of fourth-order resonance, we put z = V(r(6)) exp(i0;) x (1 +x), x = p + iq. We
then obtain the system

dp/!do=[C_, ,(psin20+2qcos20)+ Cf(psine —qcos0)]/ A(B)+...

44
dq!d® =[C gp+C_,(pcos20-2gsin20)+ C,pcos®— C_gsin 0)]JA(0)+... @4

The unwritten terras are of order higher than the first of p and q or depend on p and are 4= |s|-periodic
functions of 0 (4mk*-periodic functions of ¢).

Theorem 5. Suppose conditions (4.3) are satisfied in system (4.1). Then, for fairly small p Eq. (4.1)
has a denumerable set of motions, 4nk*-periodic in f (k* € N), if the characteristic exponents of system
(4.4) are not equal to +iN/(2|s|), Ne N.

Note. When C, = 2C._ the generating system has an energy integral and its periodic motions are continued with
respect to the small parameter.

5. 1:3 RESONANCE

Omitting the associated non-resonant subsystem, we will consider the problem of the periodic motions
of the system

M = i(wy + Ay imy P +ApIn, P )ny +iB, 73 + uH, (1, F,m)

My = (-0, + Ay iy ? +AyIn, P 0, +iByTim, + W, (1, 7,m) &b
wht?re Aj B;, & are real constants, ; > 0, ®; = 3w, and the complex-conjugate group of equations is
on’lll‘:)t: (;enerating system, obtained from (5.1) when p = 0, always has a periodic solution in which

nj = i(@, + Aylm,i?)m;, my =0 (5.2)

By Theorem 3, system (5.1) for small p has periodic solutions close to (5.2). It also follows from
Theorem 3 that periodic motions exist close to the solutions

M =0, M =i(-0, + Apin,i* )N,
if Bl =0.

It turns out that other “resonant” periodic motions are also possible in system (5.1). To establish this
fact we convert the generating system to polar coordinates r, 0: 1; = (r;) exp (i), ); = V(r;) exp (—i6))
( = 1, 2). We obtain

r; =2B;sin 9)',“2r23/2 (j=12)
0; = 0, + ARy + Apn + By 25" cos® (5.3)
9.2 = —(1)2 + Az,'i + A22r2 + Bzrl,/zrzllz COs 9, 9 = 91 + 302
where the last two equations reduce to a single equation for the variable
0 = Ay + Ay + (B 5" +3B,1 1% )c0s0, A; = Ay +34,;.
A qualitative investigation of the system of equations obtained for ry, r,, 6 [6] enabled, in particular, all

cases of the existerice of periodic motions to be established. Suppose BB, > 0, for example, By, > 0.
Then (5.3) has a particular solution described by the equations

r =2Br’sin@, 0 =(A+4Bcos®), r,=B;r (j=12) G4

A=AB +A,B,, B=B/""B"
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When the condition |4 | > 4|B] is satisfied all the solutions of system (5.4) will be periodic motions

along cllipses
1+¢ B
0)= ,}—————, e=4—
r(®)=r 1+€ecos0 A

where ry is the value of r when 6 = 0. In 1, 1) variables the motion, generally speaking, will be conditionally
periodic, and

2
0, =0y +(a +BcosB)r, 0,=—,+(a,+BcosO)y, a;=3 AuB
k=1

and the dependence of 6; on 0 is given by the relations

0, =t —2— Aro\/__[a e+f1(e)]+ %12 B 0+f2(9)]+—[y 0+ £,(0)] (5.5)

Here f(0) is a 2r-periodic function of 8, and a*, B*, Y* are the average values over a period of the
functlons

8" 1 28 cosdd

1 2r 121t
n ({ \/1+ecose —27t ({ 1+EcosB _ Ton o l+€cosB

t *

Hence, the solution will be periodic if the following condition is satisfied

* * *
W, ,0 a . + By
* * * 1,2 1,2

0 k=, w,=% : +

BT TR T Al +e A

where k and [ are integers, excluding zero, and the period with respect to 6 is equal to | 2rk/(w*yl)|.
Note also that the periodicity condition is satisfied irrespective of the initial value of ry of the generating
solution if k + 3/ =

To apply Theorems 1 and 2 to the established elliptic generating solutions we change to the variables
pjand g; in (5.1) using the formulae

N = TBIr®e™ 1+ x)), x;=p;+ig; (j=12)
where the relationship 8;(6) is given by (5.5). We obtain

iip_,=e(3p2 -~ p1)sin0+(q, +3q2)cose+m

de 4(1+€ecosB)
gg_l_=£2(A”Blpl + A, By py) +€(3p2 - p)cosO—(q +3q2)sin9+
de A(1+€cos8) 4(1+€cosB)
(5.6)
@l:g(pl — p,)sin0 - (g, +q2)cos9+
de 4(1+€cos0)
dpy _ 2(AyByp, +A2232P2)+8(P1 — Py)cos8+(q ~gp)sin®
do A(1+€cos9) 4(1+€cosB)

The unwritten terms are of order higher than the first in p, q or depend on p.

It can be seen that when € = 0 the part in (5.6) that is linear in p, q and free from p is independent
of 6, the characteristic equation has two pairs of zero roots, each from one group of solutions, and the
automorphism satisfies Theorem 1. Consequently, when € = 0 system (5.1) has a denumerable set of
periodic motions close to circular for sufficiently small p.

To determine the characteristic indices when € # 0 we will use the integrals [6] of the generating system

V=Bm,M - Bmim
W = A B, ImI* +A,B/In,1* +2B,B,(\m3 + |, 13)
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In the neighbourhood of the elliptic generating solution the integrals take the form

P =pIr®) +...=h
{A,B,p1 + AyByp, + B[(p, +3p;)cos0 — (g, +3g,)sin 9]}r2(9)+. .=h

where &, and A, are arbitrary constants. It can be shown that these integrals are solvable with respect
to p; and p, provided the condition |4 | > 4|B]| is satisfied. Hence, in system (5.6) we can take the new
variables &, and A, instead of the variables p; and p,. As a result it turns out that the linear system has
two pairs of zero characteristic exponents, each from one group of solutions, and we obtain, apart from
terms that are linear and free from p

h.l =0+..., h'2=0+

In the new variables A, g; (j = 1, 2) the automorphism has the form ¢t — —, h — h, g — —q and all
the conditions of Theorem 1 are satisfied.

Theorem 6.If |A| > 4|B|, in system (5.1) for sufficiently small u there will always be a denumerable
set of “resonant” periodic motions close to elliptic and coincident with them when p = 0.

Note. The presence of two independent integrals enables all the periodic solutions established in the generating
system [6] to be extended with respect to the small parameter. A similar situation occurs for an arbitrary fourth-
order m-frequency resonance because in this case the generating system has m independent integrals [7].

6. PERIODIC MOTIONS IN THE UNRESTRICTED
THREE-BODY PROBLEM

We will consider the plane unrestricted three-body problem—the problem of the motion of three
mass points Py, P, and P, with masses My, M; and M,, which mutually attract one another in accordance
with Newton’s law, and which always move in the same fixed plane. The Routh function of the problem
was obtained in [8] and the following were chosen as the positional coordinates: r—the square root of
the polar moment of inertia, y—the natural logarithm of the ratio of the two sides PyP; and PyP, of
the triangle PP P,, and y—the angle between these sides. The cyclic variable @ is the angle measured
from the straight line PyP; from a certain fixed straight line in the plane of the triangle PyP;P,. We have

2
R=r‘2+r2F‘2+I~’,—ZBr—2—+%F},, F=ps?(y? +y?) 6.1

Fy = -BS™ {1y cosy + y siny) - (; +p3)e’y' }
Fy = fMyS/ z{llley/z +Hae " + (e +e —ZCOS\I’)_UZ}
S=pe Y +pe’ +ps(e? +e77 —2cosy)

H.'+j=MiMj/M2 (,j=0,1,2; i#j), W=kl +UgHy + 1,

where M is the mass of the whole system, B is the cyclic constant, and f is the gravitational constant.

The distinguishing features of this description of the problem are as follows. The new parameters of
the problem are the dimensionless products p;,; of the masses of the bodies P; and P}, and these
parameters reflect the Newtonian interaction between these bodies. The equation of motion for the
variable r

. B> 1 6.2
2r =2k 5= Ky (6.2)

in fact is identical with a fundamental relation in celestial mechanics, namely, the Lagrange—Jacobi
equation, and expresses in differential form the fact that the mechanical energy is conserved. Finally,
the problem is described by Routh’s equations, which at the same time are reversible to the replacement

.y, ¥) =y, V).
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The introduction of new parameters enables us, as the limiting version when y; = 0, to obtain the problem

2 2
j_[;_zy.J_,_éT(y.z_‘_w.z)g_j_%w. 1 ™ (€32 _ M2y =g

dt r 228
d(r By’ (63)
—_] =y |[+==0 -
dt(Szw) s

which corresponds to the case when there is no interaction between the bodies P; and P,; these bodies
move in a rotating system of coordinates only under the influence of the body P,.

Equations (6.2) and (6.3) allow steady motion in which 7, y, ¥ take constant values. In such motion
the bodies P; and P, rotate with constant angular velocities y and @ + ' around the centre of mass
of the bodies Py, P; and P,, and of course, around P;. The angular velocities @' and y are then related
by the equation

2770 = B~ por?y’ (64)

and the motion occurs along circles.
All the steady solutions of system (6.2), (6.3) are found from the equation

2
X ( p-le -y/2 2 V/2) Bx(u ey/2 +ule—y/2)+B (e—3yl2 3y/2) = 0 (6.5)

wherex = rz\v'/S.

We will investigate different possible cases.

1. Suppose the coefficient of x* is zero. The ratio of the distances is then ryfr; = (p.lluz) If =0, any
value of x is a solution of Eq. (6.5). The ratios of the angular velocities and the periods in this case are

2
9;=£+_v=_(_e;)’ (_Tx_) =(i])
W, 4 T8 I, )

Hence, in this steady motion, the bodies P, and P, rotate in opposite directions, and Kepler’s law is
satisfied: the square of the ratio of the periods is equal to the cube of the ratio of the radii.
We will now assume that p # 0. Then, we obtain the following unique solution of Eq. (6.5) for x

B}lz
4111 liz

Hence, two bodies of equal mass (j1; = p,) move with the same angular velocity along the same circle,
since for this system ' = 0. Suppose (Ji; # 1p). Then

. ‘__ M
l_ u = f(ia ) ut=h=‘_2

o 2pi2+p,(-pd)] WM,

If u. < 1, we have o,/m; < 0, and the rotations occur in opposite directions. Here the body P, lies
on a circle of larger radius than the body P,. If now p. — o we have @)@, — —1/2, and the bodies P,
and P; move close to resonance.

2. Suppose the coefficient of x* in (6.5) is non-zero. Then x are the roots of the quadratic equation

and have the form

_ e e E (e +pye?)

- 2( u e—y’2+u eylZ)

We obtain two families of steady motions: for each value of y and for any p,, gy, which do not make
the denominator vanish, there are two values of the angular velocity y- of the motion of P, with respect
to P;. We calculate

2 ppe "t (e + H.e')
e+ e 2 (14 pe?)

%=_ (e +p.e”)=fi(u.)
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When p1. — 0 we have fy(i1- — — (1 £ ¢?), and when 1. — e the function f(u.) approaches + (1 +
€ ¥?). Hence it follows that when one of the masses M;, M, is much greater than the other mass, rotations
of the bodies are possible both in the same direction and in opposite directions. In the case when the
bodies rotate with the same angular velocity we have r; = r,.

Suppose now that p. is a finite quantity, possibly fairly large. We remove the body P, to infinity. Then
y — o0 and y'/@ -> —~1. We obtain a version of the problem which describe the motion of the Moon P;
with angular velocity ® around the Earth Py. In this version P, represents the Sun and the angular
velocity of rotation of the Earth around the Sun is much less than the angular velocity of rotation of
the Moon around the Earth.

We will now set up equations in variations for system (6.2), (6.3) in the neighbourhood of the steady
motions considered. We will not write these fairly length equations explicitly and will merely denote
their structure

8\'{" = —B/"_ 26}’
81 = ady + ay,8r + ady, y" = bdY + ay8r + aydy

where a, b and a;; are certain constant coefficients which depend on the parameters p;, p, and the steady
motion considered.

It can be seen that this system has a pair of zero characteristic exponents with one group of solutions,
while the automorphism of the system satisfies Theorem 1. The remaining characteristic exponents are
defined as the roots of a biquadratic equation. These numbers depend on the parameters p; and p,
and will be critical in the sense that it is impossible to extend the periodic solution of system (6.2), (6.3)
with respect to p; except for a denumerable set of values of p; and p,.

Theorem 7. For a sufficiently small value of the parameter 1, the plane unrestricted three-body problem
has “circular” periodic solutions in which the bodies P; and P, rotate around P, with constant angular
velocity (to an accuracy of the order of ;) along curves close to circles. The motions of the bodies P,
and P, can then be both in the same and in opposite directions.

This research was carried out with financial support from the Russian Fund for Fundamental Research
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